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MORE ON CYCLIC AMENABILITY OF THE LAU PRODUCT OF BANACH
ALGEBRAS DEFINED BY A BANACH ALGEBRA MORPHISM
M. RAMEZANPOUR
Abstract. For two Banach algebras A and B, the T -Lau product A×T B, was re-
cently introduced and studied for some bounded homomorphism T : B → A with
‖T‖ ≤ 1. Here, we give general nessesary and sufficent conditions for A×T B to be
(approximately) cyclic amenable. In particular, we extend some recent results on
(approximate) cyclic amenability of direct product A⊕B and T -Lau product A×T B
and answer a question on cyclic amenability of A×T B.
1. Introduction and some Preliminaries
The notion of weak amenability for commutative Banach algebras was intro-
duced and studied for the first time by Bade, Curtis and Dales [3]. Johnson [11]
extended this concept to the non commutative case and showed that group al-
gebras of all locally compact groups are weakly amenable. A Banach algebra A
is called weakly amenable if every continuous derivation D : A → A∗ is inner. It
is often useful to restrict one’s attention to derivations D : A → A∗ satisfying the
property D(a)(c) + D(c)(a) = 0 for all a, c ∈ A. Such derivations are called cyclic.
Clearly inner derivations are cyclic. A Banach algebra is called cyclic amenable
if every continuous cyclic derivations D : A → A∗ is inner. This notion was pre-
sented by Gronbaek [9]. He investigated the hereditary properties of this concept,
found some relations between cyclic amenability of a Banach algebra and the trace
extension property of its ideals.
Ghahramani and Loy [7] introduced several approximate notions of amenabil-
ity by requiring that all bounded derivations from a given Banach algebra A into
certain Banach A-bimodules to be approximately inner. In the same paper and
the subsequent one [8], the authors showed the distinction between each of these
concepts and the corresponding classical notions and investigated properties of
algebras in each of these new classes. Motivated by this notions, Esslamzadeh and
Shojaee [6] defined the concept of approximate cyclic amenability for Banach alge-
bras and investigated the hereditary properties for this new notion. Shojaee and
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Bodaghi in [14, Theorem 2.3] showed that for Banach algebras A and B, if direct
product A⊕B with ℓ1-norm is approximately cyclic amenable, then so are A and B.
They also showed that the converse for the case where A2 is dense in A.
On the other hand, for two Banach algebras A and B and a bounded homomor-
phism T : B → A with ‖T‖ ≤ 1, the T -Lau product A×T B is defined as the space
A× B equipped with the norm ‖(a, b)‖ = ‖a‖+ ‖b‖ and the multiplication
(a, b)(a′, b′) = (aa′+ aT (b′) + T (b)a′, bb′),
for all a, a′ ∈ A and b, b′ ∈ B. This product was first introduced and studied by
Bhatt and Dabhi in [4] for the case where A is commutative. Javanshiri and Nemati
in [10] extended this product to the general Banach algebras and studied Arens
regularity, amenability and n-weak amenability of A×T B in the general case; see
also [2] and [5]. When T = 0, this multiplication is the usual coordinatewise prod-
uct and so A×T B is in fact the direct product A⊕ B. Furthermore, let A be unital
with the identity element e and let θ : B → C be a non-zero multiplicative linear
functional. Define Tθ : B → A as Tθ (b) = θ(b)e, for each b ∈ B. Then the above
product with respect to Tθ coincides with the product investigated in [12].
Bhatt and Dabhi in [4] showed that cyclic amenability of A×T B is stable with
respect to T , for the case where A is commutative, but the proof contains a gap. In
[1] Abtahi and Ghafarpanah fixed this gap and extended this result to an arbitrary
Banach algebra A. Indeed they proved that if A×T B is cyclic amenable then both A
and B are cyclic amenable. They also proved the converse for the case where both
A and B have faithful dual spaces. But they left it open for all Banach algebras; [1,
Question 3.5].
In the present paper, we give general nessesary and sufficent conditions for
A×T B to be (approximate) cyclic amenable. In particular we extend the recent
results on (approximate) cyclic amenability of the direct product A⊕ B, [14], and
the T -Lau product A×T B and answer Question 3.5 in [1] on cyclic amenability of
A×T B.
2. Cyclic amenability
Let A be a Banach algebra, and X be a Banach A-bimodule. Then the dual space
X ∗ of X becomes a dual Banach A-bimodule with the module actions defined by
( f a)(x) = f (ax) and (a f )(x) = f (xa), for all a ∈ A, x ∈ X and f ∈ X ∗. A derivation
from A into X is a linear mapping D : A→ X satisfying
D(ac) = D(a)c+ aD(c) (a, c ∈ A).
MORE ON CYCLIC AMENABILITY OF THE LAU PRODUCT OF BANACH ALGEBRAS DEFINED BY A BANACH ALGEBRA MORPHISM3
If x ∈ X then dx : A→ X defined by dx(a) = ax − xa is a derivation which is called
an inner derivation.
A derivation D : A→ A∗ is said to be cyclic if D(a)(c)+D(c)(a) = 0 for all a, c ∈ A.
If every continuous cyclic derivation D : A → A∗ is inner then A is called cyclic
amenable.
As remarked in [4], the dual space (A×T B)
∗ can be identified with the Banach
space A∗ × B∗ equipped with the norm ‖( f , g)‖ =max{‖ f ‖,‖g‖} via
( f , g)(a, b) = f (a) + g(b),
where a ∈ A, f ∈ A∗, b ∈ B and g ∈ B∗. Moreover, a direct verification reveals that
(A×T B)-module operations of (A×T B)
∗ are as follows.
( f , g)(a, b) =
 
f a+ f T (b), T ∗( f a) + g b

,
(a, b)( f , g) =
 
a f + T (b) f , T ∗(a f ) + bg

for a ∈ A, b ∈ B, f ∈ A∗ and g ∈ B∗.
To clarify the relation between cyclic amenability of A×T B and that of A and
B, we need the next result which characterize the continuous cyclic derivations on
A×T B.
Lemma 2.1. Suppose that A and B are Banach algebras and T : B → A is a bounded (by
one) homomorphism. Then every continuous cyclic derivation D : A×T B → (A×T B)
∗
enjoys the presentation
D(a, b) = (D1(a)− S
∗(b), D2(b) + S(a))
for all a ∈ A and b ∈ B, where
(a) D1 : A→ A
∗ and D2 : B → B
∗ are continuous cyclic derivations.
(b) S : A → B∗ is a bounded linear operator such that S(ac) = (T ∗ ◦ D1)(ac) and
S(a)b = (T ∗ ◦ D1)(a)b for all a, c ∈ A and b ∈ B.
Moreover, D is inner if and only if S = T ∗ ◦ D1 and both D1 and D2 are inner derivations.
Abtahi and Ghafarpanah in [1], proved that if A×T B is cyclic amenable then
both A and B are cyclic amenable. They also proved the converse for the case
where both A and B have faithful dual spaces, but left it as an open question for
all Banach algebras; [1, Question 3.5]. An improvement of this result has been also
obtained in [13]. Indeed, the converse has been proved for the case where A2 is
dense in A; [13, Theorem 2.6]. We should remark that a Banach algebra A has left
(right) faithful dual space just when A2 is dense in A.
4 M. RAMEZANPOUR
Here we gives general necessary and sufficient conditions for A×T B to be cyclic
amenable. This result improves [13, Theorem 2.6] and answers also Question 3.5
in [1].
Theorem 2.2. Suppose that A and B are Banach algebras and T : B → A is a bounded (by
one) homomorphism. Then A×T B is cyclic amenable if and only if the following statements
hold.
(1) A and B are cyclic amenable.
(2) A2 is dense in A or B2 is dense in B.
3. Approximate cyclic amenability
Recall from [7] that a derivation D : A → X is called approximately inner if
there exists a net {xα} ⊆ X such that D = limα dxα in the strong operator topology.
A Banach algebra A is called approximately cyclic amenable, if every continuous
cyclic derivation D : A→ A∗ is approximately inner. The concepts of approximate
cyclic amenability was introduced and studied in [6]; see also [14].
The next result characterizes approximately inner derivations on A×T B.
Proposition 3.1. Suppose that A and B are Banach algebras and T : B → A is a bounded
(by one) homomorphism. Let D : A×T B → (A×T B)
∗ be a continuous cyclic derivation
given by D(a, b) = (D1(a)− S
∗(b), D2(b) + S(a)) for all a ∈ A and b ∈ B. Then D is
approximately inner if and only if S = T ∗ ◦ D1 and both D1 and D2 are approximately
inner.
Applying Proposition 3.1 and using a similar argument used in the proof of
Theorem 2.2 we can prove the next theorem. This result improves [13, Theorem
2.3].
Theorem 3.2. Suppose that A and B are Banach algebras and T : B → A is a bounded
(by one) homomorphism. Then A×T B is approximately cyclic amenable if and only if the
following statements hold.
(1) A and B are approximately cyclic amenable.
(2) A2 is dense in A or B2 is dense in B.
Shojaee and Bodaghi in [14, Theorem 2.3] showed that for Banach algebras A
and B, if direct product A⊕B is approximately cyclic amenable, then so are A and B.
They also showed that the converse for the case where A2 is dense in A. Applying
Theorems 2.2 and 3.2 for T = 0, we get the next result which extends [14, Theorem
2.3].
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Corollary 3.3. Let A and B be Banach algebras. Then the direct product A⊕ B is (approx-
imately) cyclic amenable if and only if the following statements hold.
(1) A and B are (approximately) cyclic amenable.
(2) A2 is dense in A or B2 is dense in B.
Let A be unital and θ : B → C be a non-zero multiplicative linear functional.
Define Tθ (b) := θ(b)e. Then A×Tθ B is the θ -Lau product A×θ B, [12]. As a conse-
quence of Theorems 2.2 and 3.2, we have the next result.
Corollary 3.4. Let A be unital and θ be a non-zero multiplicative linear functional on B.
Then A×θ B is (approximately) cyclic amenable if and only if both A and B are (approxi-
mately) cyclic amenable.
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